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1919.] SOLUTIONS OF PROBLEMS. 129 

Also solved by H. L. Olson, Albert N. Nauer, Joseph B. Reynolds, 
C. E. Flanagan, G. Paaswell, and Herbert N. Carleton. 

2684 [March, 1918]. Proposed by B. 3. BROWN, Kansas City, Missouri. 
Find the locus of the center of a conic passing through four fixed points. 

I. Solution by H. D. Thompson, Princeton University. 

This is an exercise given in books on coordinate geometry. 

Take the a>axis through two of the four points, and the y-axis, oblique, through the other two. 
Let 1/J and 1/J' be the abscissas of the two points on the a;-axis and 1/m and 1/m', the ordinates of 
the two points on the y-axis. Then Ix + my — 1=0 and Vx + m'y — 1=0 form another pair 
of lines, containing the four points in pairs. All conies through the four points are given by 
Xxy + (h + my — l)(l'x + m'y — 1) = 0, when X is the parameter of the system. 

The center of a representative conic is given by 2tt'x + (lm' + Vm)y — (I + V) + \y = 
and (lm' + l'm)x + 2mm'y — (m + m') + Xx = 0. Ehminating X, the locus of the center is 
2ll'x 2 — 2mm'y % — (I + l')x + (m + m')y — 0, a conic through the origin. The center of the 
locus is {1/4(1/2' + 1/0, l/4(l/»ra' + 1/m)}. As any pair of opposite sides of the complete quadri- 
lateral with the original four points as vertices can be taken as the axes, the locus of the centers 
will pass through the three points of intersection of opposite sides of the complete quadrilateral. 

The locus is an hyperbola when ll'mm' is positive, that is, when the original four points may 
be taken as the vertices of a convex polygon; and it is in this case only that the original conic 
may be a parabola (two). 

II. Solution by William Hoover, Columbus, Ohio. 

The equation of a conic passing through the four given points ± a h ± ft, ± 71, trilinear co- 
ordinates being used, is of the form 

k<x> + muS 2 + Wit 2 = (1) 

with the condition 

W + TOift 2 + ri l7 i 2 - 0. (2) 

The coordinates of the center of (1) are given by 

ka _ TOijS _ »i7 

a, b, c, being the sides of the fundamental triangle. 
Eliminating k, mi, tii from (3) and (2), we have 

^ + ^+^ = 0, (4) 

the required locus. 

This is the nine-point conic of the quadrilateral whose vertices are the four given points. 

Also solved by Paul Capron and Elijah Swift. 

2685 [March, 1918]. Proposed by Joseph b. Reynolds, Lehigh University. 

A particle is describing an ellipse of eccentricity V2/3 as a central orbit about a focus when the 
attracting force suddenly becomes repulsive without changing its magnitude and the particle 
begins to describe an equilateral hyperbola; find where the change occurred and the angle that the 
major axis of the new orbit makes with that of the old orbit. 

Solution by William Hoover, Columbus, Ohio. 
The focal equation of the ellipse is 

and of the hyperbola, 
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an r being a radius vector; e, eccentricity; a, semi-major axis; p, perpendicular from a focus upon 
the corresponding tangent. In the ellipse, ei 2 — 2/3, and in the hyperbola, e 2 2 = 2. 
For the central force in (1), 

_h?dp_ h? _1_ , . 

1 p* dr oi(l -ei 2 ) n 2 ' w 



h being the usual constant in the theory of central forces. 
By condition, we may write 

W- 1 h? dp 2 



(4) 



ai(l — «i 2 ) r 2 2 p 2 3 dr 2 * 
Integrating, 

1 1 l +C (5) 



ai(l - ei 2 ) r 2 2p 2 2 

Let r 2 = c = n at the instant of change in the nature of the force, when also 

1 2oi — c 



— T1.2 — 



by (1); then 
and (5) becomes 
or, 



Pi- 


a! 2 (l 


- ei 2 ) c 
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4«i 
2o! 2 (l 
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- ei 2 )c 




(4oi — i 


s)r 2 — 2oiC 



ai 2 c(l - ei 2 )r 2 



(6) 

(7) 
(8) 



ai 2 c(l - 



w 4a ; 

which is plainly the hyperbola in (2). 
Now, (9) and (2) are identical if 



L - ei 2 ) . f 2cnc ~| 

i — c t 4oi — c J 



and 



2a2 = _ 2?^. (ii) 

4oi — c 

EUminating %, and solving for c, c = oi (12), showing that the nature of the force changes at 
an extremity of the minor axis of the ellipse. 

Let a = the angular coordinate of this point, the position of the center of force being the pole, 
y = the required angle of the problem, and k, k, the latera recta of the curves; then the focal 
polar equations of the curves are 

- = 1 - ei cos 8 (13), l j = 1 - e 2 cos (0 - y) (14). 

The equations of the tangent to these at the common point a are 

- = cos (9 — a) - ex cos 6 (15), - = cos {8 — a) — e 2 cos (6 — y) (16), 

or, in cartesian coordinates, 

(cos a — ei)x + y sin a = h (17) 

(cos a — e 2 cos y)x + (sin a — e 2 sin y)y = h. (18) 

These are identical if 

cos a — ei cos a — e 2 cos y /ln . sin a sin a — e 2 sin 7 .„. 
j = j (lit;, —7 7 \At). 

But from the ellipse, cos a = ei, and (19) gives 

cos7=-=H3. (2) 
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It may be added that the condition that (13) and (14) have the kind of contact consistent with 
the nature of the problem is 

Ji 2 (l - e 2 2 ) + W(l - efl - 2kh + 2l 1 l 2 e 1 e 2 cos 7 = 0. (22) 

Also solved by Horace L. Olson. 

2687 [March, 1918]. Proposed by N. P. PANDYA, Sojitra, India. 

An ellipse intersects a parabola in A and B, and the tangents at A and B to the parabola 
meet at T. The center C of the ellipse lies within the space enclosed by the parabola and the 
tangents. Draw a third tangent to the parabola such that C may be the centroid of the triangle 
formed by the three tangents. 

Solution by Horace L. Olson, Heidelberg University, Tiffin, Ohio. 

This problem can be solved, if at all, without reference either to the ellipse or to the parabola. 
For this purpose let us alter the problem to read as follows: "Given two straight lines, TA and TB, 
intersecting at T, and a point C; draw a third line which shall form, with TA and TB, a triangle 
whose centroid shall be the point C." The problem, as thus stated, has a unique solution. If 
the third straight line is tangent to the parabola mentioned above, it is the solution of the original 
problem; if not, there is no solution. Draw the line TC, and extend it beyond C to D, so that 
CD — \TC. D will then be the mid-point of the third side of the required triangle. Through 
D, draw the line GD parallel to TB. 




Lay off GM = TG. The line MDN, intersecting TB at N, will then be the required line; 
for, since the line GD is parallel to the side TN of the triangle TMN and bisects the side TM, it 
must also bisect the side M N. Since this demonstration is reversible, MN is the only line-segment 
included between the lines TA and TB, and bisected at D. Hence, if MN is tangent to the given 
parabola, it is the solution of the original problem; if not, there is no solution. 

Also solved analytically by William Hoover. 

2691 [April, 1918]. Proposed by SOGER A. JOHNSON, Hamline University. 

Show by purely geometric methods, without the use of the calculus, that the envelope of the 
circles whose centers are on a fixed circle and which touch a fixed diameter of that circle is a two- 
arched epicycloid. Cf. problem 423 (calculus) [February and September, 1917]. 

Solution by the Proposer. 

First, let us make a few general remarks about the envelope of a system of circles. In gen- 
eral, the points where one of a system of curves meets the envelope of the system are the Hmiting 
positions of the points of intersection of that curve with a near-by one, as the latter comes into 
coincidence with the former. But two circles generally intersect in two points; the perpendicular 
bisector of the line connecting them is the line joining the centers of the circles. Hence, 



